We define and analyze families of classical directed graphs, which may be useful in study of quantum chaos. The number of vertices in each graph of a certain family grows to infinity, which corresponds to the semiclassical limit of the quantum system. For any initial directed graph Γ with N vertices and M bonds we define the corresponding edge-graph L(Γ). It consists of M vertices, which represent the bonds of its ancestor. In such a way any digraph determines an infinite family of topologically conjugated graphs. We show that the non-zero eigenvalues of the connectivity matrices are the same for all graphs of such a family. For certain initial graphs an infinite subsequence of such graphs may be quantized. We demonstrate that in the typical case, the spectra of the corresponding quantum maps confer to the predictions of random matrices.
Introduction
Quantum graphs served as models of physical systems for a long time, but during recent years there emerged a growing interest in properties of their spectra. The first observation, that spectra of some quantum graphs display universal statistics characteristic to ensembles of random unitary matrices, due to Kottos and Smilansky [1, 2] , motivated further studies in this direction [3, 4, 5, 6, 7, 8, 9] . The universal statistics of the spectrum may also be observed for directed graphs (digraphs). The key point is to find a family of graphs, with increasing number of vertices N , which may be quantized by constructing a corresponding unitary matrix U of size N . The matrix U may be regarded as a one step propagator of the quantum system, determined in this way, and its spectral properties are of interest. First such family of binary graphs was proposed by Tanner [10] . In a subsequent paper [11] he also conjectured a condition sufficient for a family of classical digraphs to assure that the spectra of the associated unitary matrices U converge to the predictions of random matrices. An alternative technique of generating appropriate graphs from Markov partitions of certain piecewise linear 1D dynamical systems was recently proposed in [12] .
In this work we introduce yet another method of constructing quantum graphs based on the concept of edge-graphs. In mathematical literature they are often called line-graphs [13, 14] . Consider any initial directed graph Γ (0) , with N vertices and M bonds (edges). The edge-graph Γ (1) obtained from Γ (0) consists of M vertices, which represent the bonds of its ancestor. In this way we construct an infinite family of digraphs Γ (n) with increasing number of vertices. We demonstrate that the sets of periodic orbits and the non zero eigenvalues of the connectivity and transition matrices are the same for all digraphs in such a family; thus all digraphs from one family are topologically conjugated.
The paper is organized as follows. In section 2 we recall the definition of an edge-graphs and we present an example of a family of digraphs. Section 3 contains an analysis of the properties of a graph family originating from a given digraph. In section 4 we study family of digraphs which may be quantized and we analyze the spectra of the unitary matrices obtained in this way. Concluding remarks are presented in section 5.
Construction of an edge-graph
Consider a directed graph Γ consisting of N vertices and M directed bonds (edges). We denote the set of vertices by V (Γ) = {v 1 , . . . , v N } and the set of bonds by B(Γ) = {(v i v j ) : Γ has an edge connecting v i and v j }. The ordered pair of indices (ij) will be used to represent the edge (v i v j ). A digraph Γ may have loops, i.e. the bonds starting and ending at the same vertex. The topology of Γ may be described by its connectivity matrix of size N
By defining a transition matrix T Γ , with T Γ ij ≥ 0 equal to the probability of going from vertex i to j, we may introduce a stochastic process on the digraph Γ. Due to this definition T
The transition matrix is stochastic, that is j T Γ ij = 1, and defines a Markov chain. We define an edge-graph (line-graph) L(Γ) built on Γ, by imposing
so each vertex of L(Γ) corresponds to a bond of Γ. The bonds of L(Γ) satisfy
they consist of pairs of bonds of Γ, such that one bond leads into a vertex of Γ and the other leaves this vertex. The connectivity matrix of L(Γ) may thus be expressed as a product
In fact if (ij) ∈ B(Γ) and (kl) ∈ B(Γ) then the connectivity matrix element C L(Γ) ij,kl is equal to δ jk . The elements of C Γ used in the formula above allow us to replace the summation over (ij) ∈ B(Γ) by a double sum over i ∈ V (Γ) and j ∈ V (Γ), since C Γ ij = 0 for (ij) ∈ B(Γ). The transition matrix of L(Γ) is stochastic. It may be represented in a similar way
This formula also reflects the fact that T L(Γ) ij,kl = 0 if (ij) or (kl) is not a bond of Γ. There exists a family of connected digraphs which are fixed points of the edge-graph construction, L(P K ) = P K . These are the permutations, K-cycle graphs, P K . They may be defined as follows
For any other connected digraph Γ the number of bonds is greater than the number of vertices, thus Using the above construction of an edge-graph we introduce an infinite family of digraphs being build from a certain initial digraph Γ (0) and defined recursively
To see how this construction works let us consider a family of digraphs generated by Fig. 1 shows the first four graphs of this family. Their connectivity matrices are
where the dots represent entries equal to zero. To introduce a stochastic process on F (0) we may choose equal probabilities of staying at vertex 1 and of going from 1 to 2. This corresponds to the transition matrix
The other transition matrices T F (n) can be obtained from C fulfill the Fibonacci relation
for n > 1 with N F (0) = 2 and N F (1) = 3.
3 Properties of digraphs Γ (n) stemming from the same Γ
In this section we analyze the properties of the dynamics (the stochastic process) defined on the family of digraphs Γ (n) . To this end we introduce periodic orbits on a digraph. 
Proof: "⇒" straightforward from the definition of the periodic orbit and L(Γ); "⇐" each vertex in L(Γ) corresponds to an edge of Γ, so if we take the starting vertices of edges of η ∈ P O p (L(Γ)), they fulfill the definition of a periodic orbit on Γ. In fact Proposition 2 defines a mapping Θ :
). This mapping is reversible and conserves the period of the orbit.
Definition 3 For any periodic orbit
is called its stability factor (amplitude).
The amplitude A Γ γ is the probability of staying on the orbit γ after p iteration of the stochastic process, where p is the period of γ. We calculate
Since C Γ ij = 0 is equivalent to T Γ ij = 0 and the elements of the connectivity matrix admit only values in {0, 1}, one has C
This fact allows us to make the following observation.
Proposition 4 The mapping Θ conserves the stability factors of all periodic orbits,
Using the properties of mapping Θ we may conclude that all graphs in the family Γ (n) have the same sets of periodic orbits, so
). The four graphs presented in Fig. 1 may serve as an example. All the graphs F (n) have only one primitive orbit of periods 1, 2, 3 and 4.
The same number of periodic orbits of a given period p in all digraphs in the family Γ (n) results in the same topological entropy of digraphs Γ (n) , since the topological entropy measures the exponential of growth of the number of periodic orbits with their period p. The topological entropy may be also found as the largest eigenvalue of the connectivity matrix of a graph. Denoting the characteristic polynomial of the connectivity matrix by
we can state
Proposition 5
The spectrum of the connectivity matrix of an edge-graph, C L(Γ) , consists of the spectrum of C Γ and an appropriate number of eigenvalues equal to zero, so
Proof: We start by the following lemma.
Lemma 6 Traces of any power of the connectivity matrix of an edge-graph, Tr C L(Γ) n are equal to the trace of the same power of
Since all entries of any connectivity matrix are equal to 0 or to 1, the following relation
holds. It allows us to prove lemma 6 by the calculation
Let τ k denote the coefficients of the characteristic polynomial of C Γ in the descending order
By means of the Newton formulas the coefficients τ k may be expressed in terms of the traces
Lemma 6 shows that the first N Γ coefficients of the polynomial P L(Γ) standing at the largest powers of λ are equal to those of P Γ . The rest of coefficients of P L(Γ) vanish, thus the characteristic polynomials of C L(Γ) and C Γ differ only by a factor (−λ) N L(Γ) −NΓ , which completes the proof of proposition 5.
A similar result may be found for the transition matrices of the edge-digraph. The characteristic polynomial of
Proposition 7 The spectrum of the transition matrix of an edge-graph, T L(Γ) consists of the spectrum of T Γ and an appropriate number of eigenvalues equal to zero, so
Proof is analogous to this of the proposition 5, since the following lemma is true.
Lemma 8 Traces of any power of the transition matrix of an edge-graph, Tr T L(Γ) n are equal to the trace of the same power of
The calculation for the matrix T L(Γ) is analogous as for C L(Γ) , instead of property (19) we use (14) . Proposition 7 demonstrates a direct correspondence between dynamics on digraphs Γ and L(Γ). We can ask the question about the metric entropy of a stochastic process defined on those digraphs. If there exists no unique invariant measure, the metric entropy of the process depends on the choice of the invariant measure. The action of T Γ on left vectors represents the evolution of measures.
Lemma 9 If ρ i is a left eigenvector of T
to the same eigenvalue.
Proof: Let us calculate
where we have used (14) and the fact that ρ i is the left eigenvector of T Γ ,
The invariant measures of the Markov chain defined by T Γ are determined by left eigenvectors of T Γ corresponding to the eigenvalue 1. According to Lemma 9 each invariant measure of T Γ defines the corresponding invariant measure of T L(Γ) . Assuming that ρ Γ is an invariant measure of T Γ , the metric entropy of the Markov process [16] described by T Γ reads
We can compute the metric entropy of Markov process on L(Γ) with respect to the corresponding invariant measure ρ
So we can formulate the following statement.
Proposition 10
The metric entropy of a stochastic process defined by T L(Γ) based on the invariant measure ρ L(Γ) is equal to the metric entropy of a process defined by
The results stated in this section show that the topological and metric properties of the dynamics on a given graph Γ and the corresponding edge-graph L(Γ) are the same. In fact we have proved by recurrence that all digraphs in the family Γ (n) have the same set of periodic orbits, the same nonzero spectrum of the connectivity matrices C 
may be called a "quantization" of the Markov process described by T Γ . The matrix U Γ represents a one-step propagator, which describes a unitary time evolution in a finite Hilbert space. The dimension of this space is N Γ . Not for all stochastic matrices T Γ there exists a unitary matrix U Γ fulfilling (31). The matrices, for which it exists, are called unistochastic. The matrix T Γ is by construction stochastic, j T Γ ij = 1. To be unistochastic it must necessarily fulfill additional N Γ − 1 conditions, which assure bistochasticity ( i T Γ ij = 1). However, for N > 2 bistochasticity is not a sufficient condition for unistochasticity (see e.g. [17, 18, 12] ).
If for a given transition matrix T Γ we find a unitary matrix U Γ fulfilling (31), then any matrix of the formŨ
also fulfills this condition, if D 1 and D 2 are diagonal unitary matrices. In this way we introduce a 2N Γ − 1 parameter family, of unitary matrices corresponding to the same classical stochastic process T Γ . The number of free parameters equals to 2N Γ − 1, since one needs to take into account the global phase ofŨ Γ , which may be introduced either in D 1 or in D 2 . Choosing the random phases in D 1 and D 2 with respect to the uniform measure on the interval [0, 2π) for any transition matrix (31) we define an ensemble of random unitary matrices as proposed by Tanner [11] . The phases of the quantum propagator U Γ may be related to the lengths of the bonds of the graph. In further studies they are chosen randomly, to pick a generic member of the ensemble.
As we have already mentioned not all stochastic processes on digraphs may be quantized. Even bistochasticity, a necessary condition for unistochasticity, may not be fulfilled by all digraphs stemming from one family. For example, the transition matrix T is not for n = 1. 
De Bruijn graph families
The aim of this section is to present some edge-graph families with an infinite number of digraphs, which may be quantized. One set of such families consists of de Bruijn graphs [14] . They may be obtained as edge-graph families build from fully connected digraphs B K
The graphs B K have K vertices and K 2 bonds connecting each vertex with all other including itself, so they have K loops. We can take these graphs as the initial ones for the edge-graph construction, B bonds. There are K incoming edges and K outgoing edges at each vertex of these graphs, so they are K-regular. In fact one may prove that if a digraph Γ is K-regular, so is its edge-graph L(Γ). µ µ µ contains binary graphs studied by Tanner [10] . The choice of equal transition probabilities implies that the transition matrices T B (0) K of the initial graphs are the van der Waerden matrices of size K, which all elements are equal to 1/K. These matrices saturate the well known van der Waerden inequality concerning permanent of bistochastic matrices, per(B) ≥ N !/N N [17] .
All the T B (n) K matrices are bistochastic. In fact they are unistochastic, since corresponding unitary matrices (31) may be found using the elements of the K-points discrete Fourier transform, F The connectivity (and transition) matrices for the stochastic process on the de Bruijn graphs represent a discrete generalization of the Bernoulli shift. Three matrices from the family B (n) 4 are depicted in Fig. 3 . The nonzero elements are marked as black squares, they are placed along four lines. In the limit of large n the structure of the matrices approaches the graph of the function 4x| mod1 (Renyi map) rotated clockwise by angle π/2. Such a correspondence between digraphs and classical dynamical systems has been recently pointed out in [12] .
We are interested in the spectral properties of a generic quantum propagator U 4 . The level spacing distribution P (s), the spectral ridigity ∆ 3 (L) [19] and the spectral form factor K(τ ) (the Fourier transform of the two point correlation function) [20] are plotted. The statistics conforms well to the predictions of random matrices pertaining to Circular Unitary Ensemble (CUE) [21] , although it is only the fifth iteration of the edge-graph construction. The spectral form factor K(τ ) was averaged over a small parameter window ∆τ . We have also obtained qualitatively similar results averaging K(τ ) over an ensemble consisting of 10 3 unitary matricesŨ of size 64. This observation holds also for the family stemming from symmetric cycles (see 4.4). and two its successors S
Ë´¼ µ ¿¯
3 . The spectral properties of quantum star graphs, also called Hydra graphs, attracted considerable attention recently [2, 4, 8] . The K-star consists of one root vertex connected with K others, all connections are symmetric. The K-star digraph S K can be defined by
Star graphs family
We analyze the edge-graph construction based on the star graphs, S
K for n > 0 do not coincide with any star graphs, they are even not symmetric. The first three graphs of the family S (n) 3 are plotted in Fig. 5 . The number of vertices in the families of star graphs reads
We introduce the Markov process on star graphs S K by setting all probabilities of leaving the root vertex equal to 1/K. The topological and metric entropies of the process on the graph S (n)
Like for the de Bruijn graphs, the structure of the nonzero elements of connectivity and transition matrices may be associated with certain dynamical systems, in spirit of [12] . However, the graphs S
with n odd and even lead to two different systems -see Fig. 6 . For any odd iteration number n the digraphs of the star graphs family S (n) K can be quantized. The corresponding unitary matrix U S (n) K may be constructed of the K-points discrete Fourier transform. To verify our conjecture about spectral statistics of quantum propagator in the limit of n → ∞ we found eigenphases of some random unitary matrices corresponding to the dynamics on the digraph S 
5 and its successor G
5 .
One could try to compare the above observation with recent results of Berkolaiko et. al. [4, 8] . They quantized classical dynamics on the star graphs and reported deviations of the spectral form factor from the predictions of random matrices in the limit K → ∞. This is due to a highly nonuniform distribution of probabilities which follow from von Neumann boundary conditions they considered. To verify our approach to the semiclassical limit of the dynamics on graphs we have redone the analysis of the families of star graphs S (n) K with the probabilities used in [4] , and in the limit n → ∞ obtained fair agreement with the CUE spectral statistics.
Symmetric cycle graph family
The next example of a family of edge-graphs which may be quantized is constructed from symmetric cycle digraphs. By K-symmetric cycle we mean a digraph G K with K vertices placed on a circle and each of them connected with its both neighbors. More formally,
We build the family of edge-graphs by taking G K as the initial digraph, G
K . The graph G (n) K has K2 n vertices and it is a 2-regular digraph. The stochastic process with equal probabilities, 1/2, of choosing each of two bonds at each vertex, is characterized by the topological and metric entropies both equal to ln 2. In Fig. 8 we demonstrate the first two graphs from the family G (n) 5 . The nonzero matrix elements of the connectivity matrices in the family have the same structure for any fixed K. This feature is demonstrated in Fig. 9 for the family G , with randomly chosen free phases. As shown in Fig. 10 the statistics obtained conforms well with the prediction of CUE.
Bipartite graph family L(2, K)
The last example in this section is based on bipartite digraphs. A digraph with N = N 1 + N 2 vertices is called bipartite and denoted L(N 1 , N 2 ), if its vertices may be divided in two groups of N 1 and N 2 in such a way, that each vertex belonging to one group is not connected with any other from the same group and is connected with all the vertices from the second group. All connections are bidirectional. A bipartite graph L(N 1 , N 2 ) may be thus defined by
We use the symbol L K to denote the bipartite digraph L(2, K) and we build the edge-graph family for this graph,
An example of such a graph is plotted in Fig. 11 . Each of the graphs in the family L for n = 1 (a) and 3 (b). Matrix size N = 24 and N = 288.
Conclusions
We have used the idea of edge-graphs to construct a family of directed graphs for any initial digraph Γ (0) . We showed that all digraphs in such a family possess the same set of periodic orbits, thus they are topologically conjugated. We proved that the connectivity matrices of graphs from a given family have the same nonzero eigenvalues. For a given classical dynamics represented by a stochastic Markov process on a digraph we defined the corresponding process on its edgegraph. We demonstrated that both processes have the same metric entropy and the transition matrices describing the processes have the same nonzero eigenvalues. The construction of the family of digraphs is in fact a method to translate a finite Markov processes to a larger space with preserving its topological and metric properties, since for all not disjoined digraphs Γ (except the K-cycle graphs P K ) its edge-graph L(Γ) is larger than Γ, N L(Γ) > N Γ .
For certain families of edge-graphs the stochastic transition matrices describing Markov process are unistochastic, so the corresponding digraphs can be quantized. This provides an alternative approach to the semiclassical limit, since the processes on digraphs belonging to a given family correspond to the same classical dynamics. Quantum maps generated from the Markov processes on all families of digraphs studied so far display the CUE-like statistics of spectral fluctuations. These results were observed for families originating from fully connected digraphs (de Bruijn), star digraphs, symmetric cycles and bipartite L(2, K) digraphs. The only exceptions are the cycle graphs (permutations) P K , since they are equal to their edge-graphs, L(P K ) = P K . The construction is trivial in this case and does not lead to the semiclassical limit related with an incrising number of vertices.
Basing on our numerical results we are tempted to conjecture that the spectrum of a generic quantum map corresponding to a given dynamics on digraphs in the family Γ (n) displays asymptotically (n → ∞) the CUE-like statistics for any family with infinite number of digraphs, which may be quantized. Since the nontrivial part of the spectrum of the transition matrix T Γ (n) by construction does not depend on n, the size of the spectral gap (i.e. one minus the modulus of the subleading eigenvalue of the transition matrix), is constant for all digraphs from a certain family of edge-graphs. Thus our results seem to be consistent with the conjecture recently advanced by Tanner [11] , which states that the spectral statistics of an ensemble of unitary matrices associated with a given unistochastic matrix is determined by the size of its spectral gap.
